Abstract. In this paper, we obtain a characterization of spaces Q K in terms of fractional order derivatives of functions. We give a description of Morrey-type spaces similar to the wellknown characterization of BM OA. A relationship between Q K spaces and Morrey type spaces in terms of the fractional order derivatives is established.
Introduction
There are two principal results obtained in this article. The first result is a characterization of the space Q K in terms of some fractional order derivatives of an analytic function in the unit disc D. In [12] we characterized the Q K spaces in terms of higher order derivatives. The main difficulty here is to replace higher order derivatives by fractional order derivatives. The second result is a connection between the spaces Q K and Morrey type spaces H 2 K introduced in Section 3. We will show that if f is a member of Q K , then some fractional order derivatives of f belongs to H 2 K . Conversely, if f is in the Morrey type spaces, then some fractional order derivatives of f belongs to Q K space.
Before proceeding, it may be useful to recall a few fundamental definitions and establish some notation.
Let Otherwise, the space Q K contains constant functions only. By Theorem 2.1 in [3] we may assume that K is defined on [0,1] and extend its domain to [0, ∞) by setting K(t) = K(1) for t > 1.
Further we need two conditions on K as follows:
where 
It is obvious that K(t)
A positive measure dµ is said to be a K-Carleson measure on D if
In addition, we may assume that
In the present work we need two basic characterizations of Q K spaces and we shall list them here for reference. First we mention the higher order derivative characterization of Q K spaces given by the first author and Zhu in [12] . 
The second result we mention here is a characterization of K-Carleson measure given by the first author and Essen and Xiao in [4] .
By Theorems A and B, we have
The following lemma will be used in the sections 2 and 3, and its proof will be given in Section 3.
Lemma D. If K satisfies the condition (1.4), then there exists a weight
is also non-increasing.
Fractional order derivative and Q K spaces
For fixed b > 1, define the α-order derivative as follows:
where Γ is the Gamma function and [α] denotes the smallest integer which is larger than or equal to α. Since
is just the derivative of order n of f . The following is our first main result in this paper: Theorem 2.1. Let K satisfy the conditions (1.3) and (1.4) 
Firstly, we give some results which will be used in our proof. 
Proof. By Lemma D, there exists a small enough c > 0 such that t c−p
It is easy to see that (2.1) holds when 1 − |w| < |I| and |w| ≤ 1/2. Now we assume 1 − |w| < |I| and |w| > 1/2. Without loss of generality we may assume that I is centered at e i0 = 1 and Im(w) = 0. Let γ = 1 − w. We divide the unit disk D into S 1 S 2 S 3 , where
and
On the other hand,
Since β < α, Lemma 2.1 in [4] gives 
The above estimates givê
Hence (2.1) holds. The proof is complete.
Lemma 2.2. Let K satisfy the conditions (1.3) and (1.4). Let ψ be mea-
Proof. By Lemma D, we can choose a small c such that t
By Cauchy-Schwarz inequality we havê
The above estimates give the desired result.
Lemma 2.3. Let K satisfy the conditions (1.3) and (1.4). Let b
+ α ≥ 1 + p, b ≥ max{p, (1 + p)/2} and α > 1/2. Let ψ be measurable on D and define an operator on L 2 (D) as: T ψ(z) =ˆD (1 − |w| 2 ) b−1 |1 − wz| b+α |ψ(w)| dA(w). If dµ(z) = |ψ(z)| 2 dA(z) is a K-Carleson measure, then |T ψ(z)| 2 (1 − |z| 2 ) 2(α−1) dA(z) is a K-Carleson measure.
Proof. For the Carleson box S(I), we havê
where
To estimate E 1 , consider
Choose β as in Lemma 2.1 such that β < b and
where c is given as in Lemma 2.1. Define 
B(z, w)h(w) dA(w) h(z)
andˆD
B(z, w)h(z) dA(z) h(w).
By Schur's Theorem (cf. [15] ) we havê
where χ S(2I) (w) = 1 for w ∈ S(2I) and 0 for w ∈ S(2I). We have
Here we use the following estimate:
Combining our estimates for E 1 and E 2 , we havê
for any I ⊂ ∂D. By Theorem 3.1 in [4] we obtain that |T ψ(z)|
Proof of Theorem 2.1. Now we apply Theorem A to prove Theorem 2.
where b > 1 and
. By Lemma 2.3 we obtain that |f
We consider the Taylor series of f :
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Hence
Since α > 1/2, m ≥ 0, a simple computation gives the following equality
Since |f
Morrey type spaces and Q K spaces
Denote H 2 K the Morrey type space of all analytic functions f ∈ H 2 on D such that See [8] and [16] about the Morrey space.
The Poisson extension of a function f ∈ L 1 (∂D) from ∂D to D is denoted byf and defined as follows:f Let K satisfy the conditions (1.3) and (1.4) . Then the following are equivalent.
To prove Theorem 3.1, we need the following Lemmas. The first lemma, Lemma D, was proved in [11] but here we state it again. Proof. If K satisfies the condition (1.4), we will claim that
and by (1.4)ˆ∞
Then we obtain the claim.
We define
It is easy to see that K 1 (t)/t p is non-increasing. Since K is nondecreasing, it follows that K 1 (t) ≥ K(t), 0 < t < ∞. We note that for t ∈ (0, 1), 
For t ∈ [1, ∞), we have
By (3.3) and (3.4) we get that K 1 ≈ K. Note that if c is sufficiently small, then we have
Lemma 3.2. Let K satisfy the condition (1.4). Then
Proof. By Lemma 3.1 we know that t
and we get the desired result.
Proof of Theorem 3.1. We first show (1) ⇔ (5). If (1) holds, without loss of generality, we assume that |a| > 3/4. Let I a be the subarc of ∂D with the midpointer a/|a| and length 1 − |a|. Moreover, let J n = 2 n I a for n = 0, 1, . . . , N − 1, where N is the smallest positive integer such that 2 N |I a | ≥ 1. Let J N be the unit circle. Then we have the following estimate:
For a fixed point a ∈ D with |a| > 3/4, we obtain the following estimate.
By the Cauchy-Schwarz inequality and Lemma 3.2,
On the other hand, the Minkowski inequality gives
is convergent, the above estimates show that
Let (5) hold. For any given I ⊂ ∂D, we choose a I ∈ D such that a I /|a I | is the center of I and |a
The above estimate shows that (5) ⇒ (1) holds. Now we will prove that (2) ⇔ (3). For given I ⊂ ∂D, let a I /|a I | be the midpoint of I and 1 − |a I | = |I|. Note that |1 − a I z| ≈ |I|, z ∈ S(I).
which shows that (3) ⇒ (2). Conversely, suppose (2) holds. There exists a constant M such that
For any given nonzero a ∈ D, let I a be the subarc of ∂D with the mid-pointer a/|a| and length 1 − |a|. By (3.5), (3.6) and Lemma 3.2 we have
Taking the supremum over a ∈ D, we have that (2) ⇒ (3).
By the Littlewood-Paley identity ( [6] , p. 236)
we can figure out (3) ⇔ (4) ⇔ (5) ⇔ (6). The proof is complete.
We conclude this paper by proving a connection between Q K and H 2 K spaces. Theorem 3.2. Let K satisfy the conditions (1.3) and (1.4) .
Proof. We note that (f
. In fact, we consider the Taylor series of
, where a j,α is defined as in (2.5).
We now prove (1). If f ∈ Q K , then dµ = |f
sup
Here we used Lemma 3.1, which shows that there exists a q, 0 < q < p, such that K(t)/t q is non-increasing. Thus, we obtain that f
K by Theorem 3.1; that is, (1) holds.
By Lemma 2.1 in [4] , there exists a q, 0 < q < p, such that K(t)/t q is nondecreasing. For any I ⊂ ∂D, we havê ) (z), we have f ∈ Q K by Theorem 2.1. Now (2) follows.
Remark. Carefully checking the proof of Theorem 3.2, we find that we need a non-increasing function K(t)/t q 1 for q 1 ∈ (0, p) in the proof of (1) and a nondecreasing function K(t)/t q 2 in the proof of (2) for q 2 ∈ (0, p). Generally, q 1 = q 2 unless K(t) = t q . In this case Q K coincides with Q q . Therefore, we have the following result about Q q which appeared in [10] . Carefully checking the proofs of Theorem 2.1 and several lemmas in Section 2 and Theorem 3.1 in [4] , we see that the little oh version of Theorem 2.1 holds as well, from which we obtain the following. 
dA(z) is a vanishing K-Carleson measure.
We are also able to give the little oh versions of Theorems 3.1 and 3.2. Here we omit the details about them.
